Abstract. In recent years, the home delivery market has rapidly been growing since customers can purchase a variety of products very easily via Internet. At the same time, however, customers tend to switch from a supplier to another seeking for better service for them. For this reason, it is necessary for suppliers to enclose their customers by means of various kinds of service and strategy. An appointed delivery date of a product ordered by a customer is one of important factors of supplier's services. From the suppliers' point of view, they hope to make the period from the order date to the delivery date as short as possible to increase their customers, but at the same time they prefer to make this period as long as possible since the risk becomes higher that they cannot deliver products to their consumer by the appointed date under the short period appointed date. This study proposes a stochastic model to determine an optimal appointed delivery date for a supplier.
Introduction
Home delivery service represents a service that suppliers offer to bring or transport products to convenient places for customers. Home delivery market has been growing rapidly since customers can purchase a variety of products very easily via Internet. At the same time, however, customers tend to switch from a supplier to another seeking for better service for them [1] . For this reason, it is necessary for suppliers to enclose their customers by means of various kinds of service and strategy.
An appointed delivery date of a product ordered by a customer is one of important factors of supplier's services. From the suppliers' point of view, they hope to make the period from the order date to the delivery date as short as possible to increase their customers, but at the same time they prefer to make this period as long as possible since the risk becomes higher that they cannot deliver products to their customers by the appointed date under the short period appointed date.
Several models to determine an optimal date of delivery have been proposed [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . Ç etinkaya and Lee [2] and Chen and Samroengraja [3] have determined an optimal dispatch time of products under the circumstances where, if the supplier postpones the dispatch time, the transportation cost decreases and therefore the supplier can dispatch a large quantity, but the cost for keeping the customer waiting becomes large.
Li and Cheng [4] have considered a due-date determination problem, which attempts to minimize the tardiness penalty plus due-date assignment cost. They showed the conditions where their problem is solvable in polynomial time. Dewan and Mendelson [5] carried out the trade-offs between the delay cost and the capacity cost. They were justified in concentrating on the properties of the solutions to the first-order conditions. Stidham [6] has dealt with a model, which can be viewed as a variant of the model by Dewan and Mendelson [5] . They confined themselves into quantitative analysis of the model in order to complement to Dewan and Mendelson's analysis of its qualitative properties. They introduced an upper bound on the arrival rate which is a parameter of the price, and examined the existence of multiple solutions to the first-order conditions. They also developed iterative algorithms that converge to a local optimum or a global one. Palaka et al. [7] , So and Song [8] and Boyaci and Ray [9] have introduced a probability constraint to ensure that a satisfactory service level is achieved when the delivery time guarantee is selected. Palaka et al. [7] and So and Song [8] have treated the waiting time in an M/M/1 queue to make the problem more tractable since it is well known that the waiting time is exponentially distributed for an M/M/1. They developed a simple procedure to obtain a solution from which they characterized the optimal pricing, delivery time guarantees and capacity expansion decisions. So and Song [8] also showed that the tail of the waiting time distribution for high service levels is well approximated by an exponential distribution even for a G/G/s queue. Boyaci and Ray [9] have considered a profit-maximizing firm that sells two substitutable products in a price and time sensitive market for high service level. They assumed that a firm dealt in both regular (slower) products and express (faster) ones.
They discussed a method for determining an optimal delivery time of the express product and appropriate prices of the two products, taking into account the impact of delivery time reduction on capacity requirements and costs.
Several studies have also been conducted from game theory approach to determine an optimal price and delivery-time [10] [11] [12] [13] [14] . Kalai et al. [10] have studied competition in service rate, and Li [11] has considered competitive choice of inventory level. In both articles, however, it is assumed that customers make their decisions based on only the speed of delivery because the prices and quality levels are fixed and identical. Li and Lee [12] have discussed the price competition between two service firms, where customers consider both their prices and delivery speeds in selecting their service. Lederer and Li [13] have developed an analytical model that captures the effect of time performance on prices, demands and profit. They considered the situation where firms compete by choosing prices and service rates for multiple types of customers with different delay costs. Their results show how the different firms would choose their price and time performance for these different customer types. So [14] has extended the single firm model developed by So and Song [8] to a N -firm problem. They showed that a unique Nash equilibrium exists and presented an iterative procedure to obtain the equilibrium.
However, there still remain many problems unsolved in determining an optimal appointed delivery date under the circumstances where each customer chooses the single option that yields the greatest utility, while the utility is described as a random variable reflecting unobservable taste differences. Under these circumstances, the probability that a customer chooses the a firm can be given by the discrete choice model [15] . The discrete choice models have seen extensive applications in the fields of economics, transportation, and marketing among many others [15] [16] [17] [18] [19] .
This study proposes a stochastic model to determine an optimal appointed delivery date for a supplier. The expected profit for a supplier is formulated as an objective function to be maximized. Clarified are the conditions under which an optimal appointed delivery date exists in the case where the purchase probability is given by a multinomial logit model. Numerical examples are also presented to illustrate the theoretical underpinnings of the proposed formulation.
Model
The main notations used in this paper are listed below:
L: Appointed delivery date of the product ordered by a customer (decision variable). q(L): Probability of a customer's purchasing the product (q(L) ≥ 0). X: Lead time from the order date to the delivery date. This is called delivery lead time.
Penalty of tardiness per customer per unit of tardiness. a:
Gross profit per customer.
The assumptions in this study are as follows:
(ii) Delivery lead time X is a random variable which follows a general distribution with the cumulative distribution function(cdf) F (·) and the probability density function(pdf) f (·). We assume
The penalty P (L, X) for tardiness per customer is given by
and then the expected penalty for tardiness per customer becomes
Hence, the expected profit per single customer can be expressed by
It is easily proven that Q(L) in equation (3) is strictly increasing and decreasing respectively in a and c.
Optimal appointed delivery date
In this section, we focus on the case where a customer chooses the supplier which yields the largest utility for him: the purchase probability q(L) in such a situation can be given by the discrete choice model [15] discussed in detail below.
Utility U j (j = 1, 2, · · · , n) of a product from supplier j can be decomposed as follows:
where V j is called the observable or measured utility and reflects the preference of the customer, while ε j is a random variable which varies with their idiosyncratic taste differences. In most models using the discrete choice model, V j is given by
where α j is invariant preference for the product of supplier j, and z j is a vector that includes marketing and other variables associated with the product of supplier j [15] [16] [17] . Vectors ν and z are respectively defined by
The sth component λ of ν represents a common parameter to all the suppliers, which is associated with the delivery date.
If random variable ε j in equation (4) independently and identically follows a double exponential distribution, then the probability q(L) that the objective customer purchases the product from supplier J is, in a closed form, given by
which is well known as the discrete choice multinomial logit model [15] [16] [17] [18] [19] . Let B 1 and B 2 respectively be given by
then q(L) in equation (6) can be rearranged as
and consequently, the expected profit per customer for supplier J is expressed by
By differentiating Q(L) in equation (10) with respect to L, we have
Let A(L) express the left-hand-side of Inequality (12), we have
These observations can clarify the conditions where an optimal appointed delivery date L * exists.
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> a c : in this subcase, the sign of Q (L) varies from positive to negative only once, and thus there exists a unique finite positive L * . The expected profit per customer becomes
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Numerical examples
This section presents numerical examples to illustrate the proposed model under the circumstances where the probability q(L) is given by the discrete choice multinomial logit model.
Suppose that the lead time, X, follows a two parameter exponential distribution with a density function
and then Q(L) in equation (3) can be rewritten as
It is easily proven that Q(L) in equation (19) is strictly increasing and decreasing in γ and θ, respectively. We consider the case where there exists three suppliers, and we confine ourselves into supplier J = 1. Let α, ν and z be, respectively, given by α = (1.0, 1.0, 1.0 
where we have, from equations (7) and (8), Figure 1a indicates that Q(L) is unimodal in relation to L, and this figure corresponds to subcase (1) in Section 3. It is also observed in Figure 1a that Q(L) becomes smaller when c becomes large, which can be understood from equation (19) . decreases on the whole when λ becomes larger. This is because when λ takes a large value, the appointed delivery date becomes a relatively important factor that stimulates the customer to purchase a product from the supplier. It is also seen in Figure 1c that Q(L * ) is decreasing in λ and c. Figure 1d shows the curves of L * and Q(L * ) when λ varies in the case of c = 200.0 with γ = 0.3, 0.6 and 1.0. In Figure 1d , we can observe that both L * and Q(L * ) decreases with increasing λ, which was also observed in Figure 1c . It is also seen in Figure 1d that L * tends to decrease when γ becomes larger. Since γ denotes the scale parameter of the underlying distribution to express the random behavior of actual lead time, the variance of actual lead time increases with γ, Figure 1 . Sensitivity analysis.
that is, the uncertainty becomes large whether or not the supplier can deliver the ordered product to the consumer by the appointed delivery date. Hence, L * and Q(L * ) become small as γ increases. 
Conclusions
This paper proposed a stochastic model to determine an optimal appointed delivery date for a supplier. The expected profit for a supplier was formulated which was to be maximized as an objective function. We focused on the case where the purchase probability q(L) with the appointed delivery date L was given by the multinomial logit model, and clarified the conditions under which an optimal appointed delivery date existed. Numerical examples were the presented to illustrate the proposed model.
We can easily extend our model so that it can express the situation where the supplier can receive some additional profit if he delivers the ordered product to the customer before due date. In addition, it is well-known that the multinomial logit model is based on and restricted by IIA (Independence from Irrelevant Alternatives) property. The relaxation of such a restriction is also an interesting extension.
